We study the rotational predissociation of atom -molecule complexes with very small binding energy. Such complexes can be produced by Feshbach resonance association of ultracold molecules with ultracold atoms. Numerical calculations of the predissociation lifetimes based on the computation of the energy dependence of the scattering matrix elements become inaccurate when the binding energy is smaller than the energy width of the predissociating state. We derive expressions that represent accurately the predissociation lifetimes in terms of the real and imaginary parts of the scattering length and effective range for molecules in an excited rotational state.
I. INTRODUCTION
The energy levels of ultracold atoms can be shifted by an external magnetic field. This gives rise to shifts of bound energy levels of atom -atom complexes. Under certain conditions, an adiabatic variation of the external field can be used to move a scattering state of ultracold atoms to below threshold. This results in the formation of atom -atom complexes with extremely small binding energy (< 10 −8 eV). This technique -known as Feshbach-resonance association -is widely used for the production of ultracold molecules from ultracold atoms [1] [2] [3] [4] [5] .
Feshbach resonance association can also be used to link ultracold atoms with ultracold molecules or ultracold molecules with ultracold molecules 6 to produce weakly bound atom -molecule or molecule -molecule complexes. The binding energy of such complexes can be tuned from zero to about 0.5 cm −1 by varying an external field. If the molecules are initially in a ro-vibrationally excited state, these weakly bound complexes may undergo rovibrational predissociation. While the ro-vibrational predissociation of van der Waals atom -molecule complexes has been the subject of numerous studies [7] [8] [9] [10] , little is known about the predissociation of atom -molecule complexes with binding energies < 0.5 cm −1 . In the present paper, we explore the dependence of the rotational predissociation lifetimes of weakly bound atom -molecule complexes on the binding energy in the limit of zero binding energy.
The present work is motivated by two recent research developments. First, the creation of ultracold molecules in the ro-vibrational ground state, achieved by several research groups 11, 12 , makes the measurements of near-threshold rotational predissociation possible.
The predictions of the present work can therefore be readily tested in experiments with ultracold molecules. Second, several recent studies showed that an ensemble of ultracold molecules trapped on an optical lattice may undergo collective rotational excitations analogous to Frenkel excitons in solid-state molecular crystals [13] [14] [15] 
II. THEORY
At low collision energies, the scattering cross section of an atom and a molecule is entirely determined by the s-wave contribution to the partial wave expansion and the scattering observables can be expressed in terms of a few parameters. For simplicity of discussion, we assume that the atom is structureless. Using effective-range theory 21 , the first few terms in a power series expansion of the cotangent of the scattering phase shift δ i , or equivalently the diagonal S-matrix element S ii = exp(2iδ i ), for a molecular state i, can be written as
where k i is the scattering channel wave number defined by 2 k 2 i = 2µ(E − E i ), µ is the reduced mass, E is the total energy and E i is the energy of the molecular state i. A Feshbach resonance occurs when a bound state corresponding to an asymptotically closed channel (E i > E) is the same as the collision energy of lower-energy molecular states.
In the single channel case, as the system is tuned across a resonance, the S-matrix element describes a unit circle in the complex plane and the scattering length exhibits a pole when S ii passes through −1. In the multichannel case, S ii no longer describes a unit circle in the complex plane and thus the scattering length no longer exhibits a pole but an oscillation 25 .
The location of the Feshbach resonance corresponds to a pole in S ii . Regarding S ii as a function of the complex energy E 26 , the pole occurs at
where E B is the location of the bound state/resonance and Γ is the resonance width, related to the bound state lifetime by τ = /Γ.
To allow analysis below threshold (at negative channel energies), we define the complex channel wave number κ i = −ik i such that
Balakrishnan et al. 19 related the location and lifetime of the bound state/resonance below threshold to the complex scattering length calculated above threshold. In subsequent work 20 , the treatment was expanded to include the complex effective range. However in this latter work only the limiting case of small inelasticity was considered, in which α ≫ β and r R,i ≫ r I,i . In the vicinity of a Feshbach resonance, the pole in the real part of the scattering length is suppressed 25, 27 and thus the magnitude of β may be comparable with or greater than that of α (see Figure 1 , for example).
The location of a Feshbach resonance also corresponds to a pole in the scattering amplitude f (k). Following Balakrishnan et al. 19 , the scattering amplitude can be written as
for a potential that asymptotically decays faster than R −4 . In the limit of κ i → 0, the pole occurs when κ i = 1/a i and thus when
and the bound state energy and width are explicitly
In the single-channel case (β = 0), as the bound state goes from just below to just above threshold, at which point the bound state becomes virtual, the scattering length goes through a pole changing sign from +∞ to −∞ 28 . In the presence of inelastic channels (β = 0) the bound state is coupled to the other channels which leads to a shift in the bound state energy.
As the bound state is tuned from just below threshold to just above, the bound state crosses threshold (E B = 0) when α 2 = β 2 and becomes a virtual state (Γ < 0) when α < 0 (or β < 0). In the presence of inelastic channels the true bound state can thus exist at energies greater than the asymptotic threshold energy.
Incorporating the effective range as a correction to (5) 20 , the pole in f (k) occurs when
pole occurs is
Introducing the notation
and
the complex energy at which the pole occurs can be explicitly written as
where the location and width of the bound state are
III. NUMERICAL CALCULATIONS
To test the validity of equations (5) and (9) The rotational structure of NH exhibits fine structure due to the coupling of the molecular spin s to the rotational angular momentum n. The molecular energy levels are characterized by the quantum number of the total angular momentum j = n + s of the molecule. There is thus a single ground rotational state |n = 0, j = 1 and three states |n = 1, j = 0, 1, 2 corresponding to n = 1. The end-over-end rotation of the complex is described by the angular momentum L which couples to j to form the total angular momentum J = j + L. The matrix of the total Hamiltonian describing the Mg -NH complex can be represented in the fully coupled angular momentum basis set |(ns)jLJM , as described in 31 . We perform the scattering calculations using the MOLSCAT package 32 , in which sets of coupled equations are constructed for each J and parity (−1) n+L+1 in the fully coupled basis set |(ns)jLJM with n ≤ 6 and L ≤ 12. The coupled differential equations are integrated using the hybrid logderivative method of Alexander and Manolopoulos 33 based on a fixed-step-size log-derivative propagator in the short-range region (2.5 to 50Å) and a variable-step-size Airy propagator in the long-range region (50 to 250Å). The log-derivative solution is matched to the asymptotic boundary conditions 34 to obtain the S-matrix. To calculate the scattering length and effective range for use in equations (5) and (9), the S-matrix is calculated above threshold over the energy range 10 pK to 100 nK and then fitted to equation (1) .
To vary the location of bound states with respect to threshold, we introduce a scaling factor to the potential
In the following, we consider the first (most weakly bound) predissociating state below the Mg+NH(n = 1, j = 1), L = 0 threshold. Figure 1 shows the complex scattering length and effective range as a function of λ scale . As the bound state energy crosses threshold (at λ scale ≈ 1.03), the real and imaginary parts of the scattering length show the expected oscillation and peak respectively. The real part of the effective range also shows a suppressed pole as α passes non-resonantly through zero. An additional resonance is also present at λ scale ≈ 1.065, due to an n = 2 state crossing threshold.
The location and width of each predissociating bound state are determined by calculating the S-matrix as a function of energy. For a single open channel, the scattering phase shift δ i goes through π at the bound state energy following the Breit-Wigner energy dependence
where δ bg (E) is a slowly varying background term. In the multichannel case, the single channel phase shift no longer follows to Breit-Wigner form and it is the S-matrix eigenphase sum σ(E) 9 , the sum of the phases of the eigenvalues of the S-matrix, that follows the Breit- above) threshold.
The binding energy, the width and the lifetime of the most weakly bound state are shown in Figure 3 as functions of the real part of the scattering length. It can be seen from the lower panel of Figure 3 that the calculation based on equation (9) agrees with the close coupling numerical calculations far better than the calculation based on equation (5) for α > ∼ 50Å when the binding energy is negative. As the bound state moves above threshold the extrapolation of E B and Γ from the eigenphase sum below threshold breaks down and the calculated results become inaccurate. The gap in the data is due to the presence of the additional n = 2 Feshbach resonance at λ scale ≈ 1.065.
Starting from the bound state existing below threshold, as we decrease λ scale , increasing α, the binding energy decreases and the predissociation lifetime increases. When α ≈ β ≈ 160Å, the bound state crosses threshold, which is represented by the sharp increase of the curves in the upper panel of Figure 3 . Decreasing λ scale further, decreases α and moves the bound state above threshold. At low scattering lengths, the width of the state shows a dramatic decrease before becoming negative, at which point the bound state becomes virtual. At these small positive scattering lengths, it can be seen that the Mg-NH bound state lifetime can be on the order of tens to hundreds of microseconds. From Eq (7) Γ → 0 as α → 0 + , however with the effective range correction Eq (14), Γ → 0 when α ≈ 18Å.
Thus in principle the width of the state can be arbitrarily small.
The results presented in Figure 2 are specific for the Mg -NH complex. However, Eqs. (13) and (14) are universal. To explore the universality of the predissoication lifetimes presented in Figure 2 , we repeated the calculations for different values of the interaction potential scaling parameter λ scale . As λ scale increases, the strength of the interaction potential increases. This increases the number of bound energy levels supported by the potential.
The scattering length as a function of λ scale exhibits a series of peaks corresponding to zeroenergy bound states (see the middle panel of Figure 3 ). The upper panel of Figure 3 displays the predissociation lifetimes as functions of the scattering lengths calculated using different ranges of the scaling parameter corresponding to different peaks in the middle panel of Figure   3 . The different curves in the upper panel of Figure The energy separation of the NH(n = 0, j = 1) rotational ground state and NH(n = 1, j = 1) can be approximated as Figure 5 shows the energy difference between B * rot and B rot calculated using Eq. (9), as a function of α. It can be seen that the rotational constant of the molecule can be effectively modified by linking the atom and the molecule with a Feshbach resonance.
IV. SUMMARY
We have shown that multichannel effective range theory can be used to calculate the location and lifetime of the most weakly bound predissociating state near threshold, even in the presence of strong couplings between molecular states (strong inelasticity). As the predissociating state is tuned closer to and moves across threshold, the lifetime of the state increases. We have found that the predissociation lifetime of the states just above the excited state threshold is the largest and can be tens to hundreds of microseconds long.
For illustrative purposes, the location of the bound state was tuned in the present work by varying the depth of the potential. In experiments, bound states can be tuned across threshold using externally applied electric and magnetic fields 37 .
An ensemble of molecules on an optical lattice can be used to study collective excitations characteristic of solid-state crystals [13] [14] [15] . The presence of an atom weakly bound to a molecule creates a perturbation in the rotational energy structure of the molecule. Our calculation shows that this perturbation can be tuned from zero to ∼ 100 MHz. Mixtures of ultracold atoms and molecules have recently been created in several experimental laboratories 38, 39 . The ultracold atom -molecule complexes undergoing the rotational predissociation studied in this work can be created by first linking ultracold molecules in the ground rotational state with ultracold atoms using a Feshbach resonance and then exciting the molecules to a rotationally excited state. The external field used for the Feshbach resonance association can be varied to adjust the binding energy of the atom -molecule complex. We hope that the results of the present work will stimulate the measurements of near-threshold rotational predissociation.
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